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1. INTRODUCTION
 w x.The problem of consistent aggregation see Table I and 2, 1 is
equivalent to the functional equation of rectangular generalized bisymme-
try
G F x , . . . , x , . . . , F x , . . . , x .  . .1 11 1n m m1 m n
s F G x , . . . , x , . . . , G x , . . . , x . 1 .  .  . .1 11 m1 n 1n m n
w x  .In 1 , the following has been proved there Theorem 1 .
THEOREM 1. Let m G 2, n G 2 be integers, X , Y , Z , S nonempty sets,j p j p
and F : X = ??? = X ª Y , G : X = ??? = X ª Z j s 1, . . . , m;j j1 jn j p 1 p m p p
 .* This research has been supported in part by the Grants NSERC Canada CPG 0164211
 .and OTKA Hungary T-016846.
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TABLE I
Consistent Aggregation of Inputs and Outputs
 .Inputs goods and services  .Maximal outputs
 .Producers 1 ??? k ??? n production functions
 .1 x ??? x ??? x y s F x , . . . , x11 1 k 1 n 1 1 11 1 n. . . . .. . . . .. . . . .
 .j x ??? x ??? x y s F x , . . . , xj1 jk jn j j j1 jn. . . . .. . . . .. . . . .
 .m x ??? x ??? x y s F x , . . . , xm1 m k m n m m m1 m n
 .Aggregates z s ??? z s ??? z s z s G y , . . . , y s1 k n 1 m
     .G x , G x , G x , G F x , . . . , x ,1 11 k 1 k n 1 n 1 11 1 n
. . .  ... . . , x . . . , x . . . , x . . . , F x , . . . , x sm1 m k m n m m1 m n
 .y s F z , . . . , z s1 n
  .F G x , . . . , x ,1 11 m1
 ... . . , G x , . . . , xn 1 n m n
.p s 1, . . . , n , F : Z = ??? = Z ª S, G : Y = ??? = Y ª S functions.1 n 1 m
Then the partial functions F p : X ª Y and G j : X ª Z will be surjec-j j p j p j p k
p j  .tions, F : Z ª S and G : Y ª S will be injections, and 1 will hold for allp j
 .x g X j s 1, . . . , m; p s 1, . . . , n if , and only if , there exist an abelianj p j p
 .  .group T , ( T ; S , surjections f : X ª T , and bijections g : Y ª T ,j p j p j j
h : Z ª T such thatp k
F z , . . . , z s h z ( ??? ( h z z g Z ; p s 1, . . . , n , 2 .  .  .  . .1 n 1 1 n n p k
¦G y , . . . , y s g y ( ??? ( g y , .  .  .1 m 1 1 m m
y1G x , . . . , x s h f x ( ??? ( f x , .  .  . .p 1 p m p p 1 p 1 p m p m p ¥ 3 .y1F x , . . . , x s g f x ( ??? ( f x , .  .  . .j j1 jn j j1 j1 jn jn §x g X , y g Y ; j s 1, . . . , m; p s 1, . . . , n . .j p j p j j
p  p p p.Here F and similarly G , F , G is the pth partial function, obtainedj k
by keeping all but the pth ¨ariable constant.
w xIn 1 an essential step toward the proof of this theorem was the
``elevation'' of injectivity to bijectivity by means of the following result
 .there Lemma 4 .
PROPOSITION 2. Let m, n, X , Y , Z , S, F , G , F, G be as in Theorem 1,j p j p j p
in particular the partial functions F p : X ª Y , G j : X ª Z be surjectionsj j p j p j p p
p j  .and F : Z ª S, G : Y ª S injections and 1 satisfied for all x g X .p j j p j p
j p Then the G and F will be bijections of Y or Z , respecti¨ ely j s 1, . . . , m;j p
.  .p s 1, . . . , n onto T s F Z , . . . , Z .1 n
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One of the objectives of this paper is to present a generalization of
Theorem 1 in which the surjectivity conditions are weakened significantly.
The other is to weaken surjectivity and continuity conditions in the
w x  .following result for real intervals in 1 there Theorem 5 .
THEOREM 3. Let m G 2, n G 2 be integers and X , Y , Z j s 1, . . . , m;j p j p
.  .p s 1, . . . , n be nondegenerate real inter¨ als and F : X = ??? = X ª Yj j1 jn j
 .j s 1, . . . , m functions. The functions G : X = ??? = X ª Z andp 1 p m p p
F : Z = ??? = Z ª R will be continuous and nonconstant, G : Y = ??? =1 n 1
p j  .Y ª R continuous, F , G surjections, and 1 will hold if , and only if ,m j p
 .  .Y , Z and T s F Z , . . . , Z are open inter¨ als; also T s G Y , . . . , Y ,j p 1 n 1 m
and there exist continuous surjections b : X ª R and continuous bijec-j p j p
tions a : Z ª R, g : Y ª R, and w : T ª R such thatp p j j
F z , . . . , z s wy1 a z q ??? qa z z g Z ; p s 1, . . . , n , .  .  . .  .1 n 1 1 n n p p
4 .
y1 ¦G y , . . . , y s w g y q ??? qg y , .  .  . .1 m 1 1 m m
y1G x , . . . , x s a b x q ??? qb x , .  .  . .p 1 p m p p 1 p 1 p m p m p ¥ 5 .y1F x , . . . , x s g b x q ??? qb x .  .  . .j j1 jn j j1 j1 jn jn §x g X , y g Y ; j s 1, . . . , m; p s 1, . . . , n . .j p j p j j
 .Among important production functions the CD Cobb]Douglas func-
tions defined by
F z , . . . , z s az c1 z c2 ??? z cn .1 n 1 2 n
n satisfy the conditions of Theorem 3 on R R is the set of positiveqq qq
.  .numbers . On the other hand, the CES constant elasticity of substitution
functions, extended to R n by the definition
F z , . . . , z s wy1 c w z q ??? qc w z , 6 .  .  .  . .1 n b 1 b 1 n b n
where c , . . . , c ) 0, b / 0 are constants and1 n
¡ bz for z ) 0,~0 for z s 0,w z s 7 .  .b ¢ b< <y z for z - 0,
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satisfy the conditions of Theorem 3 if b ) 0 but do not satisfy them if
b - 0 because then w is discontinuous at 0, so F is discontinuous on theb
 . n hyperplanes z s 0 p s 1, . . . , n but they still satisfy the conditions ofp
.Theorem 1 .
 .In this paper we give conditions which yield part or all of the results 4 ,
 .5 , but are also satisfied by the CES functions with b - 0 and we do this
by a two-pronged attack: On one hand we weaken the surjectivity condi-
tions on the partial functions F p, G j in Theorems 1 and 3 and on the otherj p
hand, in Theorem 3, we replace the supposition of continuity of mappings
  . .on their entire domains by their continuity on subintervals see A below .
2. DEFINITIONS, PRELIMINARIES, CONDITIONS
The function B : Z = Z = ??? = Z ª T is said to be weakly surjecti¨ e1 2 n
in the pth ¨ariable if there exist a g Z , j / p such that the function x ¬j j p
 .  .B a , a , . . . a , x , a , . . . , a is onto T from Z . Clearly the partial1 2 py1 p pq1 n p
p function B is a surjection if and only if the function x ¬ B a ,p 1
.  .a , . . . , x , a , . . . , a is onto T from Z for all a g Z , j / p.2 p pq1 n p j j
 4The element b g T is said to be accessible by B if for all q g 1, . . . , n
 . and for all a g Z i / q there exists ¨ g Z such that B a , a , . . . , ¨ ,i i p q 1 2 q
. q. . . , a s b. If the partial function B is a surjection for all q s 1, . . . , n,n
as in the surjectivity requirements for Theorem 1, then e¨ery b g T is
accessible by B.
These two conditions will replace the surjectivity conditions of Theorem
1.
A function of two variables B : U = V ª W satisfies the Reidemeister
condition, if
B u , ¨ s B u , ¨ .  .3 4 4 3
is satisfied whenever
B u , ¨ s B u , ¨ , B u , ¨ s B u , ¨ , and .  .  .  .1 2 2 1 1 4 2 3
B u , ¨ s B u , ¨ .  .3 2 4 1
hold.
A function which satisfies the Reidemeister condition is called an
R-function.
This allows us to state Proposition 4 which will be proved in Section 4.
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PROPOSITION 4. Let F , G , F, G be functions defined as in Theorem 1,j p
 .  .and which satisfy Eq. 1 for all x g X j s 1, . . . , m; p s 1, . . . n . If thej p j p
partial functions F p and G j are injections and each of the functions F , Gj p
has an element accessible by it then all restrictions of F and G obtained byj p
keeping all but two ¨ariables constant are R-functions.
The following proposition linking R-functions to groups may be deduced
w xfrom results in 3 .
PROPOSITION 5. Let B : U = V ª W be an R-function. If B is weakly
surjecti¨ e in one ¨ariable and there is an element in W which is accessible by
 .B, then there exist surjections f : U ª W, g : V ª W, and a group W, (
such that
B u , ¨ s f u ( g ¨ . .  .  .
 .  .As a first step toward weakening the conditions on 4 and 5 , the
w x  .following was proved in 1 there Proposition 9 .
 .PROPOSITION 6. Let T , ( be an abelian group, T a subset of T which is0
 .  .a real inter¨ al and which generates T , and let the restriction T , ( of T , (0
be a continuous semigroup. Then there exists a bijection c : T ª R, whose
restriction to T is continuous and which satisfies0
u(¨ s cy1 c u q c ¨ for all u , ¨ g T . 8 .  .  . .
Notice that we did not suppose that all elements of T be real only that
T should ha¨e a real inter¨ al as subset which generates it. There are
 .nontrivial examples of this situation where some actually all elements of
 4 T _T are not finite real numbers. Take for instance T s R j y` j t0
< 4q p i t g R and define
u(¨ s Log eu q e¨ , 9 .  .
 w wwhere Log is the principal value Im Log z g 0, 2p , actually Im Log is
. y`either 0 or p of the logarithm and, by definition, e s 0, Log 0 s y`.
This is a group y` is the unit element, t q p i is the inverse of t for
.  .t g R, and vice versa , generated by the continuous semigroup R, ( .
 .  .Clearly 9 is indeed of the form 8 . Of course, it is also possible that T is
an interval but we have continuity only on a subinterval T , as in the case0
b - 0 of CES functions.
We mentioned in the Introduction that in Theorems 1, 3 and in
Proposition 2 all partial functions of F were supposed to be injections and
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 .turned out to be bijections onto the same set interval T. In Theorem 3
the domains were cartesian products of intervals and continuity was sup-
posed on the whole domain. This is not so for CES functions with b - 0.
Here we will suppose continuity only on sub-inter¨ als and rectangles, see
 . condition d below. The whole domain needs not be a real interval or a
real rectangle; compare the remark after Proposition 6; however, the
.¨alues of F are supposed to be real. This is satisfied by the CES functions
 . lon the subinterval R . But we do not suppose that the partial functions Fqq
be injections, surjections, or bijections from this subinter¨ al onto the whole
 .codomain of F which property does not hold for CES functions . However,
we still want the codomains of different partial functions to ha¨e points in
 .  .common. This is postulated in a ] c below.
We introduce F p, 0 : Z ª T byp
F p , 0 z s F z 0 , . . . , z 0 , z , z 0 , . . . , z 0 p s 1, . . . , n . .  . .1 py1 pq1 n
Notice that weak surjectivity in the pth variable, as defined above, means
0  . p, 0the existence of z for all j / p such that F is a surjection from Zj p
onto T. We define also F k l, 0 : Z = Z ª T byk l
F k l , 0 s, t s F z 0 , . . . , z 0 , s, z 0 , . . . , z 0 , t , z 0 , . . . , z 0 . .  .1 ky1 kq1 ly1 lq1 n
Here the numbers k, l and the constants z 0, . . . , z 0 will be those postu-1 n
lated in the following.
 .  4 0A Assumption. There exist k - l g 1, . . . , n , constants z g Zp p
 .p s 1, . . . , n , and proper real intervals Z ; Z , Z ; Z such thatk 0 k l0 l
 . k , 0 . l, 0 .a F Z s F Z ;k 0 l0
 . k l, 0 . k , 0 .b F Z , Z ; F Z ;k 0 l0 k 0
 . Xc for all s g Z there exist w, w g Z with the propertyk l0
k l, 0 . l, 0 X.F s, w s F w ; and
 . k , 0 l, 0 k l, 0d F , F , F are continuous on Z , Z , and Z = Z ,k 0 l0 k 0 l0
respectively.
 .  .Notice that a ] d are supposed only for one pair k - l and one n-tuple
 0 0.  .  . l, 0z , . . . , z . The conditions a and b postulate that F maps Z onto1 n l0
the same set onto which F k , 0 maps Z , while the image of Z = Z underk 0 k 0 l0
k l, 0  . k , 0 .F is a not necessarily proper subset of that latter set F Z . As tok 0
 .  0condition c , it states that, fixing a ¨alue z s s not necessarily z , whilek k
0 . k l, 0 . k l, 0 0 .z s z for all p / k, p / l , the images F s, Z and F z , Zp p l0 k l0
 k l, 0 . k l, 0 0 X.ha¨e at least one element in common namely F s, w s F z , w sk
l, 0 X..  .  .F w . The meaning of d is clear see above .
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3. RESULTS
THEOREM 7. Let m G 2, n G 2 be integers, X , Y , Z , S nonempty sets,j p j p
and F : X = ??? = X ª Y , G : X = ??? = X ª Z , F : Z = ??? =j j1 jn j p 1 p m p p 1
Z ª S, G : Y = ??? = Y ª S functions.n 1 m
Then each function F and each function G will ha¨e an element accessiblej p
by it and each will be weakly surjecti¨ e in one ¨ariable, the partial functions
p j  .F : Z ª S, G : Y ª S will be injections j s 1, . . . , m; p s 1, . . . , n , andp j
G F x , . . . , x , . . . F x , . . . , x .  . .1 11 1n m m1 m n
1 .
s F G x , . . . , x , . . . , G x , . . . , x .  . .1 11 m1 n 1n m n
will be satisfied for all x g X if , and only if , there exist an abelian groupj p j p
 .  .T , ( T : S , surjections f : X ª T , and bijections g : Y ª T , h : Zj p j p j j p p
ª T such that
F z , . . . , z s h z ( ??? ( h z z g Z ; p s 1, . . . , n , 2 .  .  .  . .1 n 1 1 n n p p
¦G y , . . . , y s g y ( ??? ( g y y g Y ; j s 1, . . . , m , .  .  .  .1 m 1 1 m m j j
y1F x , . . . , x s g f x ( ??? ( f x , .  .  . .j j1 jn j j1 j1 jn jn ¥ 3 .y1G x , . . . , x s h f x ( ??? ( f x .  .  . .p 1 p m p p 1 p 1 p m p m p §x g X ; j s 1, . . . , m; p s 1, . . . , n . .j p j p
 .THEOREM 8. Suppose that Assumption A on F and the accessibility and
 .weak surjecti¨ ity conditions of Theorem 7 on F , G , F, G, and 1 arej p
 .  .satisfied. Then 4 and 5 hold with surjections b : X ª R, and withj p j p
bijections g : Y ª R, a : Z ª R, and w : T ª R j s 1, . . . , m; p sj j p p
.  .  .1, . . . , n . Here T s F Z , . . . , Z s G Y , . . . , Y ; S and there exists a1 n 1 m
 .nondegenerate real inter¨ al T ; T such that the restrictions of a , a , w,0 k l
y1  .and w to Z , Z , T , and w T , respecti¨ ely, are continuous and strictlyk 0 l0 0 0
monotonic.
 .COROLLARY 9. If , in Theorem 8, Assumption A is satisfied for all
 4  .k - l g 1, . . . , n instead of just for one pair , then the restriction of a tok
Z will be continuous and strictly monotonic for all k s 1, . . . , n. If therek 0
also exist such subsets Y , X of Y and X , respecti¨ ely, which arej0 jk 0 j jk
< <topological spaces and for which the restrictions G Y = ??? = Y , F X10 m0 j j10
<= ??? = X , and G X = ??? = X are continuous, then also the re-jn0 k 1k 0 m k 0
< <strictions g Y and b X will be continuous. If the Y are real inter¨ als,j j0 jk jk 0 j0
<  .then g Y will be strictly monotonic too j s 1, . . . , m .j j0
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4. PROOFS
Proof of Proposition 4. Consider the restriction F st of the function Fj j
given by
F a , a , . . . , x , a , . . . , x , a , . . . , a s F st x , x , .  .j 1 2 s sq1 t tq1 n j s t
1 F s - t F n ,
 4a g X , p s 1, . . . , n , p f s, t .p j p
In order to show that F st is an R-function we assumej
F st u , ¨ s F st u , ¨ , F st u , ¨ s F st u , ¨ , .  .  .  .j 1 2 j 2 1 j 1 4 j 2 3
F st u , ¨ s F st u , ¨ . .  .j 3 2 j 4 1
st . st .  .Substituting F u , ¨ and F u , ¨ into the left hand side of 1 andj 1 2 j 2 1
equating the resultant right hand sides gives
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 1 m s
G x , . . . , ¨ , . . . , x , . . . . .t 1 t 2 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 2 m s
G x , . . . , ¨ , . . . , x , . . . . 10 .  ..t 1 t 1 mt
st . st .Similarly the equation F u , ¨ s F u , ¨ providesj 1 4 j 2 3
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 1 m s
G x , . . . , ¨ , . . . , x , . . . . .t 1 t 4 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 2 m s
G x , . . . , ¨ , . . . , x , . . . . 11 .  ..t 1 t 3 mt
 .  .The left hand sides of Eqs. 10 and 11 differ only in the functions
 .  .G x , . . . , ¨ , . . . , x and G x , . . . , ¨ , . . . , x . We try now to equatet 1 t 2 mt t 1 t 4 mt
these two terms. Choose a q / j. By supposition there exists an element
 .b g Z which is accessible by G , therefore given b g X p / j, p / qt t p t p t
and ¨ g X there exist b g X such that2 jt q t q t
G b , b , . . . , ¨ , . . . , b , . . . , b s b. .t 1 t 2 t 2 q t mt
 .Taking these b p / j, p / q and the b just obtained, we see that forpt q t
all ¨ there exist b g X , i / j, such that2 i t i t
G b , b , . . . , ¨ , . . . , b s b. .t 1 t 2 t 2 mt
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Similarly there exist c g X , i / j, satisfyingi t i t
G c , c , . . . , ¨ , . . . , c s b. .t 1 t 2 t 4 mt
The equation
G b , b , . . . , ¨ , . . . , b s G c , c , . . . , ¨ , . . . , c 12 .  .  .t 1 t 2 t 2 mt t 1 t 2 t 4 mt
 .  .is then used to equate the left hand sides of Eqs. 10 and 11 with the
consequence for the right hand sides being
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 2 m s
G b , . . . , ¨ , . . . , b , . . . . .t 1 t 1 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 2 m s
G c , . . . , ¨ , . . . , c , . . . . . .t 1 t 3 mt
The injectivity of F t leads to
G b , . . . , ¨ , . . . , b s G c , . . . , ¨ , . . . , c . 13 .  .  .t 1 t 1 mt t 1 t 3 mt
st . st .Equation F u , ¨ s F u , ¨ of the R-function hypothesis yields3 2 4 1
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 3 m s
G x , . . . , ¨ , . . . , x , . . . . .t 1 t 2 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 4 m s
G x , . . . , ¨ , . . . , x , . . . . . .t 1 t 1 mt
 .We now substitute x s b i / j and geti t i t
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 3 m s
G b , . . . , ¨ , . . . b , . . . . .t 1 t 2 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 4 m s
G b , . . . , ¨ , . . . b , . . . . 14 .  ..t 1 t 1 mt
 .  .  .Applying Eqs. 12 and 13 to Eq. 14 gives
F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 3 m s
G c , c , . . . , ¨ , . . . c , . . . . .t 1 t 2 t 4 mt
s F G x , . . . , a , . . . , x , . . . , G x , . . . , u , . . . , x , . . . , .  . 1 11 1 m1 s 1 s 4 m s
G c , c , . . . , ¨ , . . . c , . . . . . .t 1 t 2 t 3 mt
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 .This equation is transformed by Eq. 1 into
G F x , . . . , x , . . . , c , . . . , x , . . . , F st u , ¨ , . . . .  . .1 11 1 s 1 t 1n j 3 4
s G F x , . . . , x , . . . , c , . . . , x , . . . , F st u , ¨ , . . . . .  . .1 11 1 s 1 t 1n j 4 3
The injectivity of G j provides the required result that
F st u , ¨ s F st u , ¨ . .  .j 3 4 j 4 3
We now conclude that all restrictions of the functions F to two variablesj
are indeed R-functions and symmetry considerations allow the extension
of the result to functions G which completes the proof of the proposition.k
Proof of Theorem 7. For the only if part, in light of Theorem 1 and
Proposition 2, it is sufficient to show that if each function F and each Gj p
has an accessible element and each is weakly surjective in one variable
then the partial functions F p and G j will be surjections. As in the proof ofj p
Proposition 4, symmetry considerations allow us to concentrate on showing
that F p is onto Y .j j
Suppose, therefore, that F is weakly surjective in the qth variable soj
that
F a , a , . . . , x , a , . . . , a is onto Y . .j 1 2 q qq1 n j
Let r s 1, 2, . . . , n; r / q, and for notational convenience suppose q - r.
The function of two variables,
F qr x , x s F a , a , . . . , x , . . . , x , . . . , a .  .j q r j 1 2 q r n
is an R-function as a consequence of Proposition 4. Moreover F qr isj
weakly surjective in the variable x , and also has an accessible elementq
inherited from F . Proposition 5 ensures the existence of surjectionsj
 .f : X ª Y , q : X ª Y and a group Y , ( such thatjq j jr j j
F qr x , x s f x ( g x . .  .  .j q r q r
 .If x g X and y g Y then there exists b g Y satisfying f x ( b s y. Thejq j j
 .function g is a surjection, therefore g z s b for some z g X . Conse-jr
q r .quently the function F c, x is surjective in the variable x independentj r r
q r .of the choice of the constant c g X . Similarly F x , d is a surjectionjq j q
whatever the choice of the constant d g X .jr
 .We now see that F a , a , . . . , x , . . . , x , . . . , a is surjective in bothj 1 2 q r n
variables for q - r, and the result clearly extends to q ) r. In particular Fj
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is weakly surjective in the r th and therefore all variables. This in turn
p s . implies that F x , x is surjective in both variables for all p, s 1 F p -j p s
.s F n .
 .In order to show that F is surjective not only weakly surjective in thej
ith variable we proceed as follows. F is weakly surjective in the ithj
 .variable therefore there exist a g X , s s 1, . . . , n; s / i , such that fors js
all y g Y there is an x g X satisfyingj 1 ji
F a , a , . . . a , x , . . . a s y. .j 1 2 iy1 1 n
Let b g X , s s 1, . . . n; s / i. Then the surjectivity of F 1 i, establisheds js j
1 i . 1 i .above, ensures that F a , x s F b , x for some x g X and conse-j 1 1 j 1 2 2 ji
quently
F b , a , . . . , a , x , . . . , a s y. .j 1 2 iy1 2 n
 .Continuing the process so that at each step a is replaced by b s / i , xs s s
by x for s - i, and x by x for s ) i untilsq1 s sy1
F b , b , . . . b , x , b , . . . b s y , .j 1 2 iy1 n iq1 n
this establishes that the F i, 1 F j F m, 1 F i F n, are surjections. In aj
similar manner the G j , 1 F k F n, are surjective also. This completes thek
proof of the only if part. The if part is obvious.
 .Proof of Theorem 8. By Theorem 7, there exist an abelian group T , (
 . and bijections h : Z ª T p s 1, . . . , n such that T ; R and amongp p
.  .others 2 holds:
F z , . . . , z s h z ( ??? ( h z z g Z ; p s 1, . . . , n . 2 .  .  .  . .1 n 1 1 n n p p
ÃThe mappings h : Z ª T , defined byp p
y10Ãh z s h z ( h z , .  .  .p p p p
0  .  .with the z p s 1, . . . , n whose existence was postulated in A , are alsop
bijections and for them
Ã 0h z s e, .p p
Ã .  .the unit element of T , ( . With these h , Eq. 2 becomesp
Ã ÃF z , . . . , z s h z ( ??? ( h z (c, 15 .  .  .  .1 n 1 1 n n
 0.  0.  0 0.where c s h z ( ??? ( h z s F z , . . . , z . Notice that1 1 n n 1 n
p , 0 Ã k l , 0 Ã ÃF z s h z (c, F s, t s h s ( h t (c 16 .  .  .  .  .  .p k l
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Ã .  .  .z g Z ; p s 1, . . . , n; s g Z , t g Z . So the condition A means h Zp k l k k 0
Ã Ä .s h Z . Denote this subset of T by T :l l0
Ä Ã ÃT s h Z s h Z . 17 .  .  .k k 0 l l0
Ã  .Since the mappings h : Z ª T p s 1, . . . , n are bijective, therefore thep p
Ã Ã Ã Ã< <restrictions h Z and h Z of h and h will be bijections from Z ork k 0 l l0 k l k 0
ÄZ , respectively, onto T.l0
Ä ÃWe show that T ; T generates T. Indeed, since h : Z ª T is ak k
bijection, so for an arbitrary t g T there exists an s g Z such thatk
Ã X .  .t s h s . We apply condition c to this s. Thus there exist w, w g Zk l0
k l, 0 . l, 0 X.  .such that F s, w s F w or, by 16 ,
Ã Ã Ã Xh s ( h w s h w and so .  .  .k l l
y1X y1Ã Ã Ã Ä Ät s h s s h w ( h w g T (T , .  .  .k l l
as asserted.
We want to apply Proposition 6. For this a new operation ( , related to
(, will be convenient. We define it by
u(¨ s u(¨ (cy1 u , ¨ g T . .
 .  y1 .Clearly T , ( is also an abelian group with unit c u(c s u(c(c s u
y1  .  y1 y1 .but with the same inverse u as in T , ( u (u s u (u(c s c . We
 .investigate now the question where it is continuous. By 16
F k l , 0 s, t s F k , 0 s ( F l , 0 t (cy1 s F k , 0 s (F l , 0 t .  .  .  .  .
s g Z , t g Z . 18 .  .k 0 l0
k l, 0 r , 0 Ã .  .  .  .By d , 16 , and 17 , the bijections F and F : Z ª h Z (c sr 0 r r 0
ÄT (c \ T are continuous on the inter¨ als Z = Z and Z , respecti¨ ely0 k 0 l0 r 0
 .r s k or l . Therefore T is a real inter¨ al. Continuous bijections of0
inter¨ als are strictly monotonic and their in¨erses are also continuous. So
 r , 0.y1  .F is continuous on T r s k or r s l . To every u, ¨ g T there0 0
k 0 . l, 0 .exist unique s g Z , t g Z such that F s s u, F t s ¨ . Thereforek 0 l0
 .18 becomes
y1 y1k l , 0 k , 0 l , 0 Äu(¨ s F F u , F ¨ u , ¨ g T (c .  .  .  .  . /
and thus ( is continuous on T = T .0 0
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Ä .Also T , ( is an abelian semigroup. Indeed, for all u, ¨ g T (c s T0 0
Äthere exist j , h g T such that u s j (c, ¨ s h(c and so
y1 Äu(¨ s j (c ( h(c (c s j (h(c g T (c s T .  . 0
while, with (, of course also ( is commutative and associative.
 .We prove now that the interval T generates T , ( . Since, as we have0
 .  .seen, the inverse is the same in T , ( as in T , ( , we have to prove that
T s T (Ty1. This indeed holds because for e¨ery t g T there exist u, ¨ g0 0
Ä y1 Ä .  ..T such that t(c s u(¨ T , ( generates T , ( and so, as asserted,
y1y1 y1 y1t s u(¨ (c s u(c ( ¨ (c (c .  .
y1y1 y1Ä Äs u(c ( ¨ (c g T (c ( T (c s T (T . .  .  .  . 0 0
Ä .Now we can apply Proposition 6 to T , ( with T s T (c: There exists a0
bijection c : T ª R, whose restrictions to T are continuous and which0
satisfies
u(¨ s cy1 c u q c ¨ u , ¨ g T , 19 .  .  .  . .
 y1 .  .  .that is, c u(¨ (c s c u q c ¨ . Introducing a new bijection w : T ª
 .  .R by w t s c t(c , we get
u(¨ s wy1 w u q w ¨ u , ¨ g T . 20 .  .  .  . .
 .  y1 .  .We see that w e s 0, w ¨ s yw ¨ ,
c u s w u(cy1 s w u y w c , 21 .  .  .  .  .
 .thus the restriction of w to T is also continuous. So w T is an inter¨ al,0 0
y1 Ä Ä .therefore the restrictions of the bijections w and w to T (c and w T (c ,
 .  .respecti¨ ely, are continuous and strictly monotonic. Now, from 15 , 20 , and
 .16 ,
n
y1 ÃF z , . . . , z s w w h z q w c .  .  .  /1 n p p /
ps1
n
y1 Ãs w w h z (c q 1 y n w c .  .  .  /p p /
ps1
n
y1 p , 0s w w F z q 1 y n w c .  .  . . p /
ps1
n
y1s w a z , . p p /
ps1
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 .that is, we obtain F in the form 4 where
1 y n
p , 0a z s w F z q w c z g Z ; p s 1, . . . , n . 22 .  .  .  . . .p p p p pn
We establish now the continuity and strict monotonicity of some a onp
 . k , 0 l, 0Z . Since we have supposed in d only the continuity of F and Fp0
 .therefore 22 establishes only the continuity of a and a on Z or Z ,k l k 0 l0
respecti¨ ely. On the other hand, the F r , 0 are bijections and the
r , 0 .  .Z , F Z s T are intervals for r s k and r s l. Thus, by 22 , ther 0 r 0 0
 .restrictions of a to Z r s k or r s l are continuous and strictly mono-r r 0
tonic.
 .  .  .In view of 3 and 20 , we ha¨e also G, G , F in the form 5 withp j
bijecti¨ e g : Y ª R and surjecti¨ e b : X ª R j s 1, . . . , m; p sj j j p j p
.1, . . . , n . This concludes the proof of Theorem 8.
 .The proof of Corollary 9 is obvious from the above proof and from 3 .
5. FINAL REMARKS
 .  .1 In the proof of Theorem 8 we saw that T , ( is a continuous0
 .  .semigroup and, see 19 and 21 ,
u(¨ s cy1 c u q c ¨ and w u s c u q w c . 23 .  .  .  .  .  . .
 .Therefore the real inter¨ al c T forms a continuous semigroup under0
addition, thus has to be either R or it extends from a nonnegati¨ e b to ` or
 .from y` to a nonpositi¨ e a at a or b it may be either open or closed .
 .  .  .  .  .  .Now, by 23 , w T s c T q w c is obtained by shifting c T by w c ,0 0 0
 .so w T can be any real inter¨ al of infinite length, without restriction on its0
 .finite endpoint if any .
 .  .  .2 The CES-functions 6 ] 7 clearly satisfy Theorems 7, 8, and Corol-
lary 9, even if b - 0, as do many other production, consumption, income,
 w x.capital return, employment, etc. functions cf. 2 .
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